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Abstract. By introducing a modified diagonal matrix h,  the properties of Markov moves 
are examined for the non-standard representations of the braid group associated with the 
fundamental representations o f  A., B., C,, and D,,. It is shown that link polynomials can 
be construned from those braid group representations. The skein r e l a h n s  of link poly- 
nomials are obtained explicitly. 

1. Introduction 

Recently there has been a great deal of interest in the study of braid group representa- 
tions and their related topological invariants (link polynomials) [I-81 due to the fact 
that they are tightly concerned with two-dimensional statistical mechanics, quantum 
integrable systems and conformal field theory [9-141. It is known that link polynomials 
can be derived from certain braid group representations via a Markov trace [Z, 151. A 
sequence o i  new braid group representations caiied non-standard representations oi 
braid groups are obtained [16] under the constraints of weight conservation conditions 
[15]. However, whether polynomials can be derived from them was not clear then. In  
a previous letter [17] we constructed the polynomial for a simple sort of non-standard 
representation of braid group associated with fundamental representation of'A,. 

In this paper, introducing a modified (non-positive definite) diagonal matrix h, we 
ihe known non-standard 

representations of braid group associated with fundamental representation of A., B,, 
C. and 0,. In the next section we derive the constraints by Markov move I with the 
modified matrix h,  and discuss the cases of A., B,, C, and D. concretely. In section 
3 we give the main results of non-standard representations of braid group in some 
more convenient notations. In section 4 we examine Markov moves I and I1  respectively 

from them explicitly. In section 5 we give some remarks and discussions. 

s*now ihai !ink poiynomiais can 'Ir consirui.ied from 
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2. The constraints by Markov move I with modified h 

Link polynomials are functionals of topological equivalent classes of links. They can 
be constructed from certain braid group representations since any link can be regarded 
as a closed braid and vice versa. The closed braids from equivalent braids or inequivalent 
ones, but mutually transformed by Markov moves, give the same link. Thus for a given 
non-trivial representation of braid group, whether a polynomial can be constructed 
from it depends on whether a Markov trace can be defined properly. 

In order to obtain link polynomials from the non-standard representations of braid 
group, we introduce a modified diagonal matrix h 

You-Quan Li and Mo-Lin Ge 

(1) 

where 8 ;  = i l ,  Aa =~A.E,  8; is the Kronecker delta, p is half the sum of all positive 
roots of a Lie algebra and A, ( a  E I c Z) are weight vectors of an irreducible representa- 
tion of the Lie algebra. 

For the modified h, the property of Markov move 1 (see [2] and [15]) tr(HA,A,) = 
tr(HA,A,) requires that 

h a  ._ 6' q 4 A . ~ + A s 6 n  h = ( h ; )  I, ' -  0 h 

)s:; = 0 (2) ( ~ ; s ; ~ d ( A ~ + A ~ l ( ~ + e l -  ~ : 6 ; q 4 ( A , + A , l ( ~ + - l  

where S:; are the elements of the S-matrix of braid group representation [2,15]. This 
leads to S$ = O  unless 

A. + A o  = A c + &  ( 3 )  

and 

s;sg = 8:s;. (4) 

In the case of fundamental representation of A,,, the non-vanishing contributions to 
the S-matrix determined by weight consedation condition (3) [15] are the following 
Kauffman [3] diagrams 

0 a a b b o  b d r  

k-4 t-4 i-4 and x 
where the set of labels is I = { n ,  n -2 , .  . . , -n +2,  - n ) .  Obviously, (4) holds identically 
for the non-vanishing elements of the S-matrix. 

In the cases of fundamental representations of E, ,  C, and D., the non-vanishing 
contributions to the S-matrix are determined without much difficulty [15]. They are 
the following Kauffman diagrams 
a 0 0 b b o  b f c  0 - a  

where the sets of labels are 1 = { 2 n ,  2 n - 2 , . .  ., -2n+2,  -2n) for E,,  I =  
{2n - 1,2n - 3 , .  . . , 1 ,  - 1 , .  . . , -2n + 3, -2n + 1 )  for C, and 0,. Equation (4) holds for 
the first four diagrams of (6). For the last diagram of (6), equation (4) becomes 

s;sL, = si,sg. (7)  
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Because (7) should be satisfied for any a and b in the set of labels, it requires that 

(80) 
or 

3. Non-stan 

66 = 6'. 

s; = - S L a  

ard representa 

V a c /  

V a  E 1. 

ms of a bra g o u p  (main results) 

Starting from the structure of braid group representation which is determined by the 
weight conservation condition [15], one can obtain the braid group representation 
explicitly by solving the spectral parameter-independent Yang-Baxter equation (YBE)  

directly. If all coefficients of non-vanishing Kauffman diagrams are not assumed to be 
independent of labels (certainly the transposition symmetry is still adopted due to the 
prime star invariance of polynomials [15]), a sequence of new solutions of parameter- 
independent YBE will be obtained. This gives the so-called non-standard representations 
of braid group [16]. Using the notation 6. =*l,  we can write the results of [16] as 
follows. 

A.: 

a 0 0 b o b  

where 6. takes + I  or -1  arbitrarily, different arrangement of the two values in {Sa) 
corresponds to different representation of braid group. Evidently the standard case is 
that every 6. equals 1 instead of -1 or just vice versa. 

B,: 

q ; = o  (a  > b). 

If all S. = I ,  it gives the standard representation. 
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C. and 0, : 

4. Construction of link polynomials 

All of the non-standard representations of braid group were found under the weight 
conservation condition. Thus, once (4) is satisfied by non-vanishing elements of the 
S-matrix, Markov move I is guaranteed. Moreover 6: and A, in (1) should be 
determined by the property of Markov move 11. Now we examine the properties of 
Markov moves for the non-standard representations of braid group. 

4.1. Excmi.?a:ion of.M"rk,, mo,s 

Comparing the representations of braid group given in section 3 with (8), one can 
easily find that if 

s;=s, (14) 

equation (4) is satisfied whatever the cases of B., C, or  0.. Therefore the property 
of Markov move I is satisfied for the cases of A,, 8,. C. and D. when 6; in (1) is 
just the notation 6. in the non-standard representations of braid group. 

It is not very difficult to prove that if 

Pa-* - 2 = An -(Sa-, + 8.) a € /  (15) 
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for A, and B,, and 

A y - 2 -  2 = A n  - (S,_,+S,,) ( a  # 1) 

A-,  - 4 =  A ,  -46,  for C,, (16) 

A-,=A,  for 0, 

for C. and D., the property of Markov move 11 [2] will be satisfied, i.e. 

1 SzEhE = 7 independent of a 
h 

z(s- ) . b h b = ?  
h 

(17) 
independent of a. I ob b 

It is easy to calculate that 7 = q"tA,*+b~* q 2 " - ' + A > , . + 6 2 , .  q2"tdi.,-it'~2,.-i, and 
q 2 ~ - 2 + A 2 , , - , + % , . - I .  ? =  q-"+A-, , -6- .*  q-2"+l+A., , ,-%,,  q'2m+A.2 ,,+, -a.>,,+, and 

-2n+2+Li,,+,--6- 2 ,, + a ,  for A,, B., C, and D. respectively. 4 

4.2. Link polynomials 

Once the Markov trace is defined concretely, the link polynomial can be calculated 
explicitly. The formula is the same as that in  [2, 151 

e ( A ) / 2  

P(~)=(T?)- (m-1) /2( : )  $ ( A )  A €  Bm (18) 

where 

$(A)  =tr(Hg(A))  (19) 

(20) 

but h given by (1) is different. 
The eigenvalues of the S-matrix (9) is found to be 9 and -q- ' .  So the reduction 

relation of braid group representation g, = I(')@. . . 01"- ' )@SOI '"2 '@.  ..@I(" is 

( g r - 9 ) ( g , + q - ' ) = 0 .  (21) 

After solving the recursive relations (15) of A" for A,, we obtain from (18) and (21) 
the following skein relation for polynomials of the A, case: 

q ' P + - ( q -  qp)Y"-q-'P- = 0  (22) 

where we have adopted a notation 

@L:= 1 Sh.  (23) 

It is found that the S-matrices of cases B,,  C, and D, have three distinct eigenvalues: 
A , = q ,  A 2 = - q - '  for B., C,, and 0, but A,=q-'+'  for E, ,  ,4,=-6,q-@-" for C, and 
A ,  = 6,9-"+'1 for 0,. Then the reduction relations of braid group representations of 
those cases can be written down. After solving the recursive relations of A" (equations 
(15) and (16)) for those cases, we obtain the following cubic skein relations in an 
analogous way: 

he1 

n. . q2"-llp + 2  - (  4'- q'-'+ l)P+l -(q-'-q-u+2+1) Po+ q - 2 ' " " P  - 1  - 0  - (24) 
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S , ) P + ,  . q2"+6 I (q'+"+l- W + 8 , - I -  
n .  I pt2- 4 

+ & ( q - f i - - R , - ' -  q-P-"+I-~,)p"-~,q--2111+~,)p~,  =o 

+&)e,+ a,q-21C-*JP-, = 0 - & ( 4  4 

+ 8, ) P+, D.: q2"-*')P+2-(q I.-q+, - q F - & , - l  

- * + * , - a  - -(r+s,+, 

where the notation of (23) has been used. 

5. Remarks and discussion 

In the above we have shown that link polynomials can be defined from the so-called 
non-standard representations of braid group. The key step is introducing an appropriate 

defined by standard trace of matrix with a non-positive definite diagonal matrix can 
be considered as that defined by a supertrace with a positive definite diagonal matrix, 
i.e. 

@ ( A )  =str(Hg(A)) A E B m  (27) 

r t :~nn. .~l  - o t A Y  h thn+ +Le k#..-L..., +-ore  -0 -  hn r laG-nA A,+..nlt., +Le *#--I  +-..ne ""6""'Il l l l P L l l A  I, 3" L I I a ,  u,r II.Q.LL"" uarr call "C UCllllL". r,C,"",J L I 1 S  I"I',LIK"" L 1 1 1 b S  

where s t r (M)=tr(%M),  Z=II"@q q;=S.Sz while H = I I m @ h ,  h ; = q  4. \JO+r) ,  As 

we showed in [14], E is the sum of some roots. 
One may notice that (23) means 

= tr 7. (28) 

For the standard case, q is a unit matrix and then p is the dimension of the matrix. 
l l l C  > K c l r l  LclilLIurIb (''I allu \ 'S) -{LOI ucpcrlu "LI LllC LLllCgrl p, >U eat,, ShC111 rrlallull 

for link polynomials corresponds to one standard representation and a series of 
non-standard representations having the same p and 6, (the latter only for the cases 
of C, and D"). The skein relation (22) of the A. case is equivalent to that constructed 
from the vertex models associated with gl(mln) [18]. 

TI.̂  -I..;- --a-.:.-. ,", .__I 1-41 ,*<, J ._^_ _I ~ - - L - :  ^ ^  -.-L .a.-:.. ..,..:-- 
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